Abstract. We construct a geometric realization of the Khovanov-Lauda-Rouquier algebra R associated with a symmetric Borcherds-Cartan matrix A = (aij )i,j∈I via quiver varieties. As an application, if aii = 0 for any i ∈ I, we prove that there exists a 1-1 correspondence between Kashiwara's lower global basis (or Lusztig's canonical basis) of U − A (g) (resp. V A (λ)) and the set of isomorphism classes of indecomposable projective graded modules over R (resp. R λ ).
Introduction
The Khovanov-Lauda-Rouquier algebras (or quiver Hecke algebras) were introduced independently by Khovanov-Lauda [13, 14] and Rouquier [18] to construct a categorification of quantum groups associated with symmetrizable Cartan data. For a dominant integral weight λ ∈ P + , Khovanov and Lauda conjectured that the cyclotomic quotient R λ of the KhovanovLauda-Rouquier algebra R gives a categorification of the irreducible highest weight module V (λ) [13] . Recently, this conjecture was proved by Kang and Kashiwara [8] . In [21] Webster also gave a proof of this conjecture by a completely different method.
When the Cartan datum is symmetric, Varagnolo-Vasserot [20] and Rouquier [19] gave a geometric realization of Khovanov-Lauda-Rouquier algebras via quiver varieties and proved that the isomorphism classes of projective indecomposable modules correspond to Kashiwara's lower global basis (or Lusztig's canonical basis) [12, 15] .
In [10] , Kang, Oh and Park introduced a family of Khovanov-Lauda-Rouquier algebras R associated with symmetrizable Borcherds-Cartan data and showed that they provide a categorification of quantum generalized Kac-Moody algebras and their crystals. More precisely, let U set K 0 (R) = α∈Q + K 0 (R(α)-pmod), where K 0 (R(α)-pmod) is the Grothendieck group of the category R(α)-pmod of finitely generated projective graded R(α)-modules. Then it was proved in [10] that there exists an injective bialgebra homomorphism
and that Φ is an isomorphism when a ii = 0 for any i ∈ I.
A big difference with the case of Kac-Moody algebras is that the defining relations of R contain a family of polynomials P i of degree 1− a ii 2 (i ∈ I) as twisting factors for commutation and braid relations. As we will see in Lemma 2.6, the polynomials P i have a natural geometric interpretation.
For a dominant integral weight λ ∈ P + , if a ii = 0 for any i ∈ I, it was proved in [9] that the cyclotomic quotient R λ of R provides a categorification of the irreducible highest weight U q (g)-module V (λ). That is, there is a U A (g)-module isomorphism
where K 0 (R λ (α)-pmod) is the Grothendieck group of the category of finitely generated projective graded R λ (α)-modules. In this paper, following the framework of [20] , we construct a geometric realization of Khovanov-Lauda-Rouquier algebras associated with symmetric Borcherds-Cartan data via quivers possibly with loops. One of the main ingredients is Steinberg-type varieties arising from quivers. As an application, when a ii = 0 for any i ∈ I, we prove that the isomorphism Φ (resp. Φ λ ) gives a 1-1 correspondence between Kashiwara's lower global basis (or Lusztig's canonical basis) of U − A (g) (resp. V A (λ)) given in [11] and the set of isomorphism classes of indecomposable projective R-modules (resp. indecomposable projective R λ -modules).
Let us explain our results more precisely. Let Q = (I, Ω) be an arbitrary locally finite quiver with a vertex set I and an oriented edge set Ω. The edge set Ω may have loops which will give a geometric interpretation of the polynomials P i in the definition of R.
Let α ∈ Q + with |α| = m and I α = {ν = (ν 1 , . . . , ν m ) ∈ I m | α = α ν 1 + · · · + α νm }. We fix an I-graded vector space V α = i∈I V i with dim(V α ) = α. Let E α be the set of all representations of Q with dimension vector α, let F ν be the set of complete flags of type ν ∈ I α , and let F ν = {(x, F ) ∈ E α × F ν | F is strictly x-stable}. Set
where G α = i∈I GL(V i ) and H Ω is the torus corresponding to the edge set Ω defined by
The group G α acts on E α by conjugation and transitively on F ν , while H Ω acts on E α by multiplication and trivially on F ν . For ν, ν ′ ∈ I α , we first define the Steinberg-type variety
and then consider the convolution algebra R(α) and its polynomial representation Pol(α) as follows:
In Lemma 2.3, we investigate the properties of the filtration R ≤w α of R(α) given in (2.2.8), and in Lemma 2.6, using the commutative diagram (2.3.10), we compute the equivariant Euler classes of fixed points in F ν and Z s j ν,ν ′ , which will lead us to an explicit description of the R(α)-action on Pol(α). Here, the polynomials P i arise naturally from the computation of the Euler classes relative to the loops. In Proposition 2.7, we show that Pol(α) is a faithful polynomial representation and give an explicit description of R(α)-action on Pol(α). It turns out that the cohomology ring
plays the role of a base ring in the definition of Khovanov-Lauda-Rouquier algebras. Using the faithful polynomial representation Pol(α), we finally prove that R(α) is isomorphic to the Khovanov-Lauda-Rouquier algebra R(α) (Theorem 2.8).
Furthermore, in Proposition 3.1, we investigate the relation between the category R(α)-pmod and the full subcategory Q α of D b
G Ω α (E α ). In Theorem 3.2 and Corollary 3.3, we show that, when a ii = 0 for any i, the isomorphism Φ (resp. Φ λ ) gives a 1-1 correspondence between Kashiwara's lower global basis (or Lusztig's canonical basis) of U − A (g) (resp. V A (λ)) given in [11] and the set of isomorphism classes of indecomposable projective R-modules (resp. indecomposable projective R λ -modules).
1. Khovanov-Lauda-Rouquier algebras 1.1. Quantum generalized Kac-Moody algebras. Let I be an index set. A square matrix A = (a ij ) i,j∈I is called a symmetrizable Borcherds-Cartan matrix if it satisfies (i) a ii = 2 or a ii ∈ 2Z ≤0 for i ∈ I, (ii) a ij ∈ Z ≤0 for i = j, (iii) a ij = 0 if a ji = 0 for i, j ∈ I, (vi) there is a diagonal matrix D = diag(d i ∈ Z >0 | i ∈ I) such that DA is symmetric. Let I re = {i ∈ I | a ii = 2} and I im = I \ I re .
A symmetrizable Borcherds-Cartan datum (A, P, Π, Π ∨ ) consists of (1) a symmetrizable Borcherds-Cartan matrix A, (2) a free abelian group P, called the weight lattice, (3) the set Π = {α i | i ∈ I} ⊂ P of simple roots, (4) the set Π ∨ = {h i | i ∈ I} ⊂ P ∨ := Hom(P, Z) of simple coroots, which satisfy the following properties:
(ii) Π ⊂ h * is linearly independent, where h := C ⊗ Z P ∨ , (iii) for each i ∈ I, there exists Λ i ∈ P such that h j , Λ i = δ ij for all j ∈ I.
We denote by P + = {λ ∈ P | λ(h i ) ∈ Z ≥0 , i ∈ I} the set of dominant integral weights. The free abelian group Q = i∈I Zα i is the root lattice, and Q + = i∈I Z ≥0 α i is the positive root lattice. For α = i∈I k i α i ∈ Q + , the height |α| of α is i∈I k i . There is a symmetric bilinear form ( | ) on h * such that
Thus we have (α i |α j ) = d i a ij for i, j ∈ I. Let q be an indeterminate and m, n ∈ Z ≥0 . For i ∈ I re , let q i = q d i and
Definition 1.1. The quantum generalized Kac-Moody algebra U q (g) associated with a BorcherdsCartan datum (A, P, Π, Π ∨ ) is the associative algebra over C(q) with 1 generated by e i , f i (i ∈ I) and q h (h ∈ P ∨ ) satisfying following relations:
, where
We denote by U − q (g) the subalgebra of U q (g) generated by the elements f i (i ∈ I). Let us set A = Z[q, q −1 ] and we denote by U − A (g) the A-subalgebra of U q (g) generated by f (n) i (i ∈ I re and n ∈ Z >0 ) and f i (i ∈ I im ).
For a dominant integral weight λ ∈ P + , let V (λ) be the irreducible highest weight U q (g)-module with highest weight λ and let V A (λ) denote the U − A (g)-submodule of V (λ) generated by the highest weight vector.
1.2. Khovanov-Lauda-Rouquier algebras. For α ∈ Q + with |α| = m, let I α = {ν = (ν 1 , . . . , ν m ) ∈ I m | α ν 1 + · · · + α νm = α}. The symmetric group S m = s k | k = 1, . . . , m − 1 acts naturally on I α ; i.e., for w ∈ S m and ν = (ν 1 , . . . , ν m ) ∈ I α , wν = (ν w −1 (1) , . . . , ν w −1 (m) ).
(1.2.1) Let k = n∈Z k n be a commutative graded ring such that k n = 0 for n < 0. The symmetric group S m acts on the polynomial ring k[x 1 , . . . , x m ] by
We take a matrix (
where t i,j;p,q ∈ k −2(α i |α j )−2d i p−2d j q and t i,j;−a ij ,0 ∈ k × 0 . For each i ∈ I, we choose a polynomial
where 9, 10] ). Let (A, P, Π, Π ∨ ) be a Borcherds-Cartan datum. For α ∈ Q + with height m, the Khovanov-Lauda-Rouquier algebra R(α) of weight α associated with the data (A, P, Π, Π ∨ ), (P i ) i∈I and (Q i,j ) i,j∈I is the associative graded k-algebra generated by e(ν) (ν ∈ I α ), x k (1 ≤ k ≤ m) and r t (1 ≤ t ≤ m − 1) satisfying the following defining relations:
r t e(ν) = e(s t (ν))r t , r t r s = r s r t if |t − s| > 1,
where
For ν ∈ I α , set x k (ν) = x k e(ν) and r t (ν) = r t e(ν). Then the Z-grading on R(α) is given by
For λ ∈ P + and i ∈ I, let us choose a polynomial a λ i (u) of the from
where c λ i;k ∈ k 2d i k and c λ i;0 = 1. We set a λ (x) = ν∈I α a λ ν 1 (x 1 )e(ν). Then the cyclotomic Khovanov-Lauda-Rouquier algebra R λ (α) at α is defined to be the quotient algebra
Assume that k 0 is a field. Let
is the Grothendieck group of the category R(α)-pmod (resp. R λ (α)-pmod) of finitely generated projective graded left R(α)-modules (resp. finitely generated projective graded left R λ (α)-modules). Then K 0 (R) (resp. K 0 (R λ )) has the A-module structure induced by the Z-grading on R (resp. R λ ), where
For β, β ′ ∈ Q + , we define
where e(ν, ν ′ ) is the idempotent corresponding to the concatenation of ν and ν ′ . For each i ∈ I and α, β ∈ Q + , we define the functors
is an isomorphism, and K 0 (R) becomes a bialgebra [10, 13] . For a Z-graded module M = k∈Z M k and t ∈ Z, let M t be the Z-graded module defined by M t k = M k+t . For each i ∈ I re and m ≥ 0, we define the projective graded R(mα i )-module P (i m ) to be
If i ∈ I im , we define P (i) = R(α i ), the regular representation. The following theorem was proved in [10] (see also [13] ).
Theorem 1.3 ([10]). (i)
There exists an injective bialgebra homomorphism Φ :
(ii) If a ii = 0 for any i ∈ I, then Φ is an isomorphism.
For a dominant integral weight λ ∈ P + , we define the functors
for M ∈ R λ (β)-pmod and N ∈ R λ (β + α i )-pmod, respectively. Then the functors E λ i , F λ i define a U A (g)-module structure on K 0 (R λ ). Let V A (λ) be the A-form of the irreducible highest weight U q (g)-module V (λ). The following generalized version of cyclotomic categorification conjecture was proved in [9] .
In this paper, in order to give a geometric realization of R(α), we assume that A is symmetric.
Then, we can take d i = 1 and (α i |α j ) = a ij for i = j ∈ I. Set l i = 1 − a ii /2 for i ∈ I and choose non-negative integers h ij such that a ij = −h ij − h ji for i = j ∈ I. Let Λ i,j (i, j ∈ I) be an index set of h i,j elements for i = j and of l i elements for i = j. We set Λ = i,j∈I Λ i,j . Let H be the polynomial ring over C generated by indeterminates a (a ∈ Λ) with deg( a ) = 2; i.e.,
We take H as the base ring k and consider the specially chosen polynomials P i (u, v) and
given as follows:
(1.2.6)
In this case, the algebras R(α) has another Z-grading given as follows:
We now construct a faithful graded polynomial representation of R(α) associated with A, (1.2.6) and (1.2.7). Set
Then the following proposition is proved in [10, 13, 18] . Proposition 1.5. The algebra Pol(α) has a graded R(α)-module structure as follows:
Moreover, Pol(α) is a faithful R(α)-module.
Geometric realization
In this section, we give a geometric realization of R(α). We first construct the Steinbergtype variety Z ν,ν ′ out of a given locally finite quiver. We then investigate the convolution
show that the algebra R(α) is isomorphic to the Khovanov-Lauda-Rouquier algebra R(α) using the faithful representations Pol(α) and Pol(α) given in Proposition 1.5 and Proposition 2.7.
2.1. Quiver representation varieties. Let Q = (I, Ω) be an arbitrary locally finite quiver with a vertex set I and an oriented edge set Ω. For a ∈ Ω, let in(a) (resp. out(a)) denote the incoming vertex (resp. the outgoing vertex) of a. For i, j, k ∈ I with j = k, let
Let U q (g) be the quantum generalized Kac-Moody algebra associated with the BorcherdsCartan matrix A = (a ij ) i,j∈I defined by
Define the torus H Ω corresponding to the oriented edge set Ω by
and denote its Lie algebra by h Ω .
Let α ∈ Q + and let m = |α|.
We denote by g α = i∈I gl(V i ) the Lie algebra of G α and identify g α with its dual g * α via i∈I tr V i . Let
We define the quiver representation variety to be
be the variety of complete flags of type ν and set F α = ν∈I α F ν . For a vector space W , we denote by F(W ) the variety consisting of complete flags of W . Then there is an isomorphism
The group G α acts transitively on F ν and i∈I F(V i ), and H Ω acts trivially on them, so that the isomorphism (2.
Let us consider the following maps
defined by π ν (x, F ) = x and p ν (x, F ) = F for (x, F ) ∈ F ν . Both of the maps π ν and p ν are G Ω α -equivariant and π ν is projective. For ν, ν ′ ∈ I α , we define the Steinberg-type variety
and let
From now on, we fix ν
and let B be the stabilizer of F • in G. Then B and B α := B ∩ G α are Borel subgroups of G and G α , respectively. Take a maximal torus T of B α and let
We denote by g (resp. b, b α , t) the Lie algebra of G (resp. B, B α , T).
There exist 1-dimensional T-submodules F 1 , . . . , F m of V α such that
Let B α,w be the stabilizer of F w in G α . Let W and W α be the Weyl group of the pair (G, T) and (G α , T), respectively. We identify W with the symmetric group S m via w · F k = F w(k) for w ∈ W and k = 1, . . . , m; i.e., w · F • = F w . Note that wν w ′ = ν w ′ w −1 for w, w ′ ∈ W by (1.2.1). The quotient set W α \W is in 1-1 correspondence with I α via the map sending w to ν w .
For w ∈ W, set
By the definition, we have
Similarly, the Lie algebra b α,w of B α,w is calculated as
For w ∈ W and ν, ν ′ ∈ I α , we define
Lemma 2.1. Let w ∈ W, ν, ν ′ ∈ I α and let s i ∈ W be a simple reflection.
, and the first and the second projections O
and it is an affine fibration over F ν with fiber being isomorphic to the affine space B α,u · F uw for u ∈ W such that ν = ν u .
Proof. We shall only prove (ii) and (vi), since the other assertions are easily proved (see [20, 
We first show the assertion (ii). Suppose that
contains a T-fixed point F u,uw for some u ∈ W . Then we have ν = ν u and ν ′ = ν uw = w −1 ν u , which is a contradiction. Now consider the case w −1 ν = ν ′ . Choose a T-fixed point F u,uw ∈ O w ν,ν ′ for some u ∈ W . Then ν = ν u and ν ′ = ν uw . If we take another T-fixed point
ν,ν ′ is surjective since φ w ν,ν ′ is G α -equivariant, and the fiber of g · F u is given as follows:
Since B α,u · F uw is an affine space [4], we obtain (vi).
2.2.
The convolution algebra. For a given quasi-projective variety X over C with an action of a complex linear algebraic group G, let D b G (X) be the bounded G-equivariant derived category of sheaves of C-vector spaces on X. Let C X be the constant sheaf on X and let
and
Note that, if X ֒→ M is a closed embedding into a smooth variety M , then we have
The graded module H * G (X) has a graded ring structure and H G * (X) has a graded H * G (X)-module structure. We refer to [2, 3, 5] for more details on equivariant cohomologies.
We now return to our setting. Let H be the ring given by
where a ∈ H * H Ω (pt) corresponds to the one-dimensional representation of the a-th factor C * of H Ω . This will play the role of the base ring given in (1.2.5). Let S be the ring defined by
For k = 1, . . . , m, let χ k ∈ t * be the weight of the t-module induced from the T-module F k given in (2.1.6) by differentiation. Then we have
For any w ∈ W such that ν = ν w , we have isomorphisms
Moreover we see that
the composition of these isomorphisms coincides with the composition
The last assertion follows from the fact that the stalk of p
Therefore, we have
as an algebra, and
arising from the convolution product:
Here, the first arrow is the pull-back by the projection Z ν,ν ′ → F ν ′ , the second arrow is the multiplication and the last arrow is the push-forward by the proper map Z ν,ν ′ → F ν . Recall the maps q ν,ν ′ : Z ν,ν ′ → F ν × F ν ′ and q α : Z α → F α × F α given in (2.1.4) and (2.1.5). For w ∈ W and ν, ν ′ ∈ I α , we define (2.2.7)
where q
Lemma 2.2. For ν, ν ′ ∈ I α w ∈ W and j = 1, . . . , m − 1, we have
α is a smooth variety.
Proof. (i) follows immediately from Lemma 2.1 (ii) and the fact that q −1
Let us show (ii). The right-hand side is a vector bundle over O s j α by Lemma 2.1 (iii). Since
α is an open dense subset of the right-hand side of (ii). (iii) follows immediately from (ii).
For w ∈ W and ν, ν ′ ∈ I α , let
The convolution ⋆ gives a left R ≤e α -module structure on the space R ≤w α . Using Z ≤e ν,ν ≃ F ν , the isomorphism (2.2.5) yields 
as an algebra.
The following lemma will play an important role in proving our main result.
Lemma 2.3.
α is a free R ≤e α -module of rank #{w ′ ∈ W | w ′ ≤ w} and
Proof. Since (i) is a consequence of (ii), we first prove (ii). Let ℓ = #{w ′ ∈ W | w ′ ≤ w}. We give a total order ≺ on {w ′ ∈ W | w ′ ≤ w} by
Then Z k is a closed subset of Z α . Since Z ≤w α = Z ℓ , it suffices to show that
We use induction on k. Assume k = 1. Since deg(κ k (ν)) = 2 for k = 1, . . . , m and ν ∈ I α , (2.2.10) implies
Suppose k > 1. By the induction hypothesis, we have
y y r r r r r r r r r r
Here, pr 1 : F α × F α → F α is the natural projection onto the first factor. Since O w k α ⊂ im(q k ), we have the surjective maps given below
By Lemma 2.1 (vi), the map q
) → F ν w ′ is locally trivial with contractible fiber, and hence we have that
, we get a long exact sequence ([5, (2.6.10)])
k (O w k α )) = 0 for any t ∈ Z by (2.2.11) and (2.2.12), the following sequence is exact:
By the isomorphisms (2.2.10) and (2.2.12), we conclude that H
Hence the short exact sequence (2.2.13) splits and
Hence the induction proceeds by (2.2.11) and we complete the proof of (ii). We now proceed to prove the assertion (iii). For
Combining the assertion (ii) with the inclusion 2.14) for c, c w ′ ∈ R ≤e α . To prove (3), it suffices to show c = 1.
Then it is known that ℓ(s j w) = ℓ(w) + 1 implies the following consequences: Let us set
Then, (2.2.15) (a) implies Let us show first (2.2.17) (a). By using (2.2.15), it is enough to show that if F 1 and F 3 are strictly x-stable, then F 2 is strictly x stable for x ∈ E α and (
Since x is nilpotent, it is enough to show that
On the other hand, we have (F 1 ) j = (F 1 ) j−1 + F uj and F uj ∩ (F us j w ) w −1 (j) = F us j w(w −1 (j+1)) ∩ (F uws j ) w −1 (j) = 0 because w −1 (j + 1) > w −1 (j) by the assumption s j w > w. It implies that ( 
us j ,us j w )) at (F u , F us j , F us j w ). We will show that T 1,2 and T 2,3 intersect transversally. Recall that e v is the fiber of F α → F α at F v for v ∈ W (see (2.1.9)). Set E 1 = e u , E 2 = e us j and E 3 = e us j w . Then we have
In order to see that T 1,2 and T 2,3 intersect transversally in E 1 ⊕ E 2 ⊕ E 3 , it is enough to show that 
which immediately follows from A 2 \ A 1 = {(u(j), u(j + 1))} and (u(j), u(j + 1)) ∈ A 3 . Here the last statement is a consequence of w −1 (j + 1) > w −1 (j). This completes the proof of (2.2.17) (b).
We now choose a set of generators of the convolution algebra R(α). By Lemma 2.3 and (2.2.10), we have an injective homomorphism
For ν ∈ I α , we define 
By (2.1.10), we have
We now consider the following maps
where pr 1 is the first projection. The fiber of the vector bundle
ws j ,w is isomorphic to e ws j ∩ e w , and (2.1.10) implies that its dimension is equal to
Hence our claim follows from the fact
in Lemma 2.1 (iii).
2.3.
Localization. Let us recall the localization theorem in equivariant cohomologies. We refer the reader to [3, 6] .
Let P = H * T Ω (pt) and recall the ring S = H * G Ω α (pt) given in (2.2.1). We have
with deg χ i = 2 for i = 1, . . . , m. The action of W on T induces the action of W on P; i.e.,
and S can be identified with
Let K be the fraction field of P:
and consider P as a subring of K. Let X be a quasi-projective T Ω -variety. Then the inclusion ι : X T Ω ֒→ X induces isomorphisms (localization theorem):
Let t Ω := t ⊕ h Ω be the Lie algebra of the group T Ω = T × H Ω . For a finite-dimensional weight module M over t Ω , set
where M = µ M µ is the weight space decomposition of M . Assume that the fixed point set X T Ω is finite and consists of smooth points of X. For a smooth T Ω -fixed point p, the equivariant Euler class eu(X, p) is by definition the image of 1 ∈ P by the composition
where the first arrow is the Gysin map. Then we have (see e.g. [3] )
The localization theorem (see e.g. [3] ) says
Note that eu(X, p) never vanishes. Note also that, under the condition (2.3.3), the Gysin morphism induces an isomorphism:
We now apply the localization theorem to T Ω -varieties F α and Z α . By [4, Proposition 1.2.1] and Lemma 2.1 (1), the sets F T Ω α and Z T Ω α of T Ω -fixed points are given by
for ν, ν ′ ∈ I α . Then we have K-module isomorphisms by (2.3.1) and (2.3.6)
Here, ζ w (resp. ζ w,w ′ ) is the element in H *
T
. We have the following injective P-module homomorphisms [20, (2.3 
(iv) For w, w ′ , w ′′ ∈ W, we have
is an isomorphism (see (2.3.2)). Then (i) follows from
(ii) is similarly proved. 
Here the second equality follows from (2.3.5).
Recall that e w is the fiber of the vector bundle F α → F α at F w (see (2.1.9)). Hence we have
Let w, w ′ ∈ W such that F w ′ ,w ∈ O s j α , ı.e., w ′ = w, ws j and
α is a vector bundle and its fiber at F w,w ′ is e w ∩ e ws j (see Lemma 2.2). Hence we have
In the following lemma, we compute the quotients Λ 
where w ′ = w or w ′ = ws j .
Proof. By (2. 
(i) Assume that ν = s j ν. Then w ′ = ws j and O s j w,ws j ∼ − − → F νw by Lemma 2.1 (v). Hence we obtain (i).
(ii) Assume that ν w = s j ν w , and w ′ = w, ws j . Recall that B α,w = {g ∈ G α | gF w = F w } and b α,w is its Lie algebra. The morphism O s j w,w ′ → F w is a P 1 -bundle and the tangent space of the fiber at F w,w ′ is isomorphic to
by (2.1.11). Hence we obtain
which implies (ii).
We now describe explicitly the R(α)-module structure of Pol(α). Recall that for f ∈ H[x 1 , . . . , x m ] and ν ∈ I α , we denote by f (ν) the element f χ 1 (ν), . . . , χ m (ν) ∈ Pol(α). Recall also that (wf )(x 1 , . . . , x m ) = f (x w(1) , . . . , x w(m) ) for w ∈ W. The actions of e(ν), κ k (ν), τ t (ν) ∈ R(α) (k = 1, . . . , m, t = 1, . . . , m − 1, ν ∈ I α ) on Pol(α) are given explicitly in the following proposition. Proposition 2.7.
(a) For k = 1, . . . , m, we have
(b) For j = 1, . . . , m − 1 and ν = (ν 1 , . . . , ν m ) , we have
Proof. (i) Our assertion follows from Lemma 2.5 (iv).
(ii) Since the assertion (a) is straightforward, we shall prove the assertion (b). Since the diagram (2.3.10) is commutative, it suffices to show that
By Lemma 2.5, we have Suppose that ν = s j ν. Then, by Lemma 2.6 and (2.3.14), we have
Here the last equality follows from Lemma 2.5 (i).
We now assume that ν = s j ν. By Lemma 2.6 and (2.3.14), we obtain
which completes the proof.
Let R(α) be the Khovanov-Lauda-Rouquier algebra over the graded commutative ring H associated with the data (A, P, Π, Π ∨ ) and the polynomials
We take the Z-grading defined by (1.2.7). Then we have a faithful graded polynomial representation Pol(α) of R(α) given in Proposition 1.5. Now we can state and prove the main result of this paper.
Theorem 2.8. There exists a unique H-algebra isomorphism Θ :
for ν ∈ I α , k = 1, . . . , m and t = 1, . . . , m − 1.
(2.3.15)
Proof. We can easily identify Pol(α) with Pol(α). It follows from (1.2.8), Proposition 1.5 and Proposition 2.7 that there exists a unique injective H-algebra homomorphism Θ satisfying (2.3.15). By Lemma 2.3, R(α) is generated by e(ν), κ k (ν) and τ t (ν), and hence Θ is surjective.
Indecomposable projective modules and lower global bases
In this section, we give a 1-1 correspondence between Kashiwara's lower global basis (or Lusztig's canonical basis) of U − A (g) (resp. V A (λ)) and the set of isomorphism classes of indecomposable projective graded R-modules (resp. indecomposable projective graded R λ -modules) when any of the diagonal entries of the symmetric Borcherds-Cartan matrix A = (a ij ) i,j∈I does not vanish. Let us keep all the notations appeared in the previous sections. We first suppose that the symmetric Borcherds-Cartan matrix A is arbitrary.
For a given quasi-projective variety X over C with an action of a complex linear algebraic group G and A, B ∈ D b G (X), let Hom 
Note that L ν is semisimple [11, Proposition 4.1] . Let L α = ν∈I α L ν . Then, by the same argument as in the proof of [5, Lemma 8.6 .1], we obtain
Then R(α) is isomorphic to the opposite algebra
For α ∈ Q + , let P α be the set of isomorphism classes of simple G Ω α -equivariant perverse sheaves L on E α such that L[k] appears as a direct summand of L α for some k ∈ Z. Let Q α be the full subcategory of D b
for some L i ∈ P α and k i ∈ Z. Then L α belongs to Q α by the decomposition theorem [1] .
We now identify R(α) with R(α) via Theorem 2.8. Then, for L ∈ Q α , the vector space
has the left R(α)-module structure. Moreover,
is a projective R(α)-module by the construction of Q α . Then we obtain the following proposition by general results on idempotent complete categories. 
for L ∈ Q α and P ∈ R(α)-pmod, respectively. Then Υ α is an equivalence of categories and Ξ α is its quasi-inverse.
From now on, we assume that a ii = 0 for any i ∈ I. Let K(Q α ) denote the A-module generated by [L] for L ∈ Q α subject to the relations [
Then, together with the induction and restriction functors given in [11, 17] Consequently, the first application of our main result follows. A (g). Similarly, we define q λ : K 0 (R) −→ K 0 (R λ ) by q λ (P ) = R λ (α) ⊗ R(α) P for P ∈ R(α)-pmod. Then we have the following commutative diagram:
where Φ λ : V A (λ) → K 0 (R λ ) is the isomorphism given in Theorem 1.4. Then B λ :=p λ (B)\{0} coincides with the lower global basis (or the canonical basis) of V A (λ). For P ∈ R(α)-pmod, since R λ (α) ⊗ R(α) P can be viewed as an R(α)-module, we have a surjective R(α)-module homomorphism P ։ R λ (α) ⊗ R(α) P, which implies that q λ takes an indecomposable projective R(α)-module to an indecomposable projective R λ (α)-module or 0. Therefore we obtain the second application of our main result.
